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ON LIE p-ALGEBRAS OF COHOMOLOGICAL DIMENSION ONE
PASHA ZUSMANOVICH
ABSTRACT. We prove that a Lie p-algebra of cohomological dimension one is one-dimensional, and
discuss related questions.
0. INTRODUCTION
The cohomological dimension of a Lie algebra L over a field K, denoted by cd(L), is defined as
the right projective dimension of the trivial L-module K, i.e., the minimal possible length of a finite
projective resolution
(0.1) · · · → P2 → P1 → P0 → K
consisting of right projective modules Pi over the universal enveloping algebra U(L), or infinity if no
such finite resolution exists. (Of course, right U(L)-modules here can be replaced by left ones). Since
for every projective resolution (0.1) and every L-moduleM, the cohomology of the induced complex
0→M = HomU(L)(K,M)→ HomU(L)(P1,M)→ HomU(L)(P2,M)→ . . .
of L-modules coincides with the Chevalley–Eilenberg cohomology H•(L,M), L has cohomological di-
mension n if and only if there is an L-module M such that Hn(L,M) 6= 0, and one of the following
equivalent conditions holds:
(i) Hi(L,M) = 0 for any L-moduleM, and any i> n;
(ii) Hn+1(L,M) = 0 for any L-moduleM.
A similar notion may be defined for other classes of algebraic systems with good cohomology theo-
ries, for example, for groups and associative algebras.
The Shapiro lemma on the cohomology of a coinduced module implies that if S is a subalgebra of a
Lie algebra L, then cd(S)≤ cd(L). As cohomological dimension of the one-dimensional Lie algebra is
equal to one, the cohomological dimension of any nonzero Lie algebra is ≥ 1. In particular, the class of
Lie algebras of cohomological dimension one is closed with respect to subalgebras.
Due to the standard interpretation of the second cohomology, the condition for a Lie algebra L to be
of cohomological dimension one is equivalent to the condition that each short exact sequence
0→ ·→ ·→ L→ 0
of L-modules splits. The latter condition holds for a free Lie algebra, due to its universal property, and
hence a free Lie algebra (of any rank) has cohomological dimension one. The same is true for free
groups and free associative algebras.
The celebrated Stallings–Swan theorem says that for groups the converse is true: a group of cohomo-
logical dimension one is free (see, for example, [Co]). A question by Bourbaki ([Bou, Chapitre II, §2,
footnote to Exercice 9]) asks whether the same is true for Lie algebras, i.e., whether a Lie algebra of
cohomological dimension one is free.
Feldman [Fe] answered this question affirmatively in the case of 2-generated Lie algebras. For a
while, it was widely believed that the answer is affirmative in general (the author has witnessed several
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attempts of the proof), until Mikhalev, Umirbaev and Zolotykh constructed an example of a non-free
Lie algebra of cohomological dimension one over a field of characteristic > 2 (see [MUZ]; note that the
cases of characteristic zero and characteristic 2 remain widely open). This example is not a p-algebra,
and in the same paper they made the following conjecture: a Lie p-algebra of cohomological dimension
one is a free Lie p-algebra ([MUZ, Conjecture 2]). As stated, the conjecture is somewhat misleading,
for a free Lie p-algebra is not of cohomological dimension one: its cohomological dimension is equal
to infinity. Indeed, for any nonzero element x of such an algebra, the elements x,x[p],x[p]
2
, . . . span
an infinite-dimensional abelian subalgebra, whose cohomological dimension is equal to infinity (see
Lemma 1.1 below).
This conjecture may be repaired in two ways. First, one may merely ask for a description of Lie
p-algebras of cohomological dimension one. A (trivial) answer to this question is given in §1: such
algebras are one-dimensional. Another possibility is to replace cohomological dimension with restricted
cohomological dimension; this is discussed in §3. Also, §1 contains auxiliary results and conjectures
related to the old Jacobson conjecture about periodic Lie p-algebras, and in §2 we discuss the problem
of description of Lie p-algebras without 2-dimensional subalgebras.
The ground field K is arbitrary, unless stated otherwise. The direct sum, ⊕, is always understood as
the direct sum of vector spaces.
1. LIE p-ALGEBRAS OF COHOMOLOGICAL DIMENSION ONE AND ALMOST-PERIODIC ALGEBRAS
The following lemma is elementary (and, undoubtedly, well known) but useful.
Lemma 1.1.
(i) The cohomological dimension of an abelian Lie algebra (finite- or infinite-dimensional) is equal
to its dimension.
(ii) The cohomological dimension of a finite-dimensional Lie algebra is equal to its dimension.
Proof. (i) It is clear that the cohomological dimension of a Lie algebra does not exceed its dimension.
For an abelian Lie algebra L, we have Hn(L,K) = (
∧nL)⋆ for any n (where ⋆ denotes the dual vector
space).
(ii) This follows from the fact that the global dimension of the universal enveloping algebra of an
n-dimensional Lie algebra is equal to n (see, for example, [CE, Chap. XIII, Theorem 8.2]).
Alternatively, one may employ the same scheme as used in the proof of the fact (actually, a long-
standing conjecture of Seligman) that for any n-dimensional Lie algebra L over a field of positive char-
acteristic, and any 0 ≤ k ≤ n, there is a finite-dimensional L-module M such that Hk(L,M) 6= 0 ([D,
§2] or [FS, Corollary 2.2]). The required modules M are constructed as induced or coinduced modules
over truncated, and hence finite-dimensional, versions of the universal enveloping algebra U(L). If we
replace those truncated versions by the ordinary universal enveloping algebra, we will get the proof
of the same statement valid over an arbitrary field (but, of course, the modules M with non-vanishing
cohomology will be no longer finite-dimensional). 
Corollary 1.2. A Lie algebra of cohomological dimension one does not contain a 2-dimensional subal-
gebra.
Theorem 1.3. A Lie p-algebra of cohomological dimension one is one-dimensional.
Proof. Let L be a Lie p-algebra of cohomological dimension one. For any x ∈ L, we have [x,x[p]] = 0,
and by Corollary 1.2,
(1.1) x[p] = λ (x)x
for some λ (x) ∈ K.
Suppose L is of dimension > 1, and pick two linearly independent elements x,y ∈ L. By [Fe], the
subalgebra of L generated by x,y is free. But according to (1.1), (adx)p(y) = λ (x)[y,x], a contradiction.

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Let us now reflect on the condition (1.1). This condition is reminiscent of various conditions on the p-
map studied by Jacobson and others. The major open problem in this area is the conjecture of Jacobson
that a periodic Lie p-algebra is abelian (see [J, Chapter V, Exercise 16]). Recall that a Lie algebra L is
called periodic if for any x∈ L there is integer n(x)> 0 such that x[p]
n(x)
= x. The strongest result toward
this conjecture is due to Premet: a periodic finite-dimensional Lie algebra is abelian ([P1, Corollary 1]).
Generalizing the condition of periodicity, let us call a Lie p-algebra L almost periodic, if for any
x ∈ L, there is an integer n(x)> 0 and an element λ (x) ∈ K such that
(1.2) x[p]
n(x)
= λ (x)x.
The elements for which λ (x) = 0, i.e., x[p]
n(x)
= 0, will be called p-nilpotent.
Proposition 1.4. Let L be an almost periodic Lie p-algebra of dimension > 1 over an algebraically
closed field, with n(x)’s uniformly bounded. Then L contains a nonzero p-nilpotent element.
Note some other related results connecting properties of Lie (p-)algebras and its elements:
(i) Latyshev in [L, Proof of Lemma 1] provides interesting reasonings related to the condition (1.1).
(ii) Chwe proved in [Ch2] (see also [SF, Theorem 3.10]) that a Lie p-algebra over an algebraically
closed field with a nondegenerate p-map is abelian.
(iii) Farnsteiner investigated in [Fa1] Lie p-algebras in which some power [p]n of the p-map is pn-
semilinear. The condition (1.2) is somewhat reminiscent of semilinearity (in some sense stronger,
in some sense weaker).
(iv) It is well known that any finite-dimensional Lie algebra over an algebraically closed field con-
tains a nilpotent element. (For Lie p-algebras, this follows from the Seligman–Jordan–Chevalley
decomposition – see, for example, [P1, Proof of Theorem 3], and for a short elementary proof
valid for arbitrary Lie algebras, see [BI]). Proposition 1.4 establishes a similar result for not nec-
essarily finite-dimensional Lie algebras, but subject to the strong condition of uniformly bounded
p-periodicity.
Note also that the condition of the ground field being algebraically closed cannot be dropped from
the proposition, for any nonsplit 3-dimensional simple Lie algebra over a field of characteristic p > 0
provides a counterexample: it satisfies the condition x[p] = λ (x)x for any nonzero element x, but does
not have nonzero p-nilpotent elements (i.e., λ (x) 6= 0 for any x 6= 0).
Proof of Proposition 1.4. Since n(x)’s are uniformly bounded, we may assume that
(1.3) x[p]
n
= λ (x)x
for some fixed n (for example, by letting n to be the product of all distinct n(x)’s, and redenoting λ (x)’s
appropriately).
Pick any two linearly independent elements x,y ∈ L, and set ϕxy(t) = λ (x+ ty), for t ∈ K. Using the
well known Jacobson binomial formula for the p-map (strictly speaking, its generalization for the nth
power of the p-map – see, for example, [Fa1, §1]), we have
(1.4) ϕxy(t)(x+ ty) = (x+ ty)
[p]n = x[p]
n
+ t p
n
y[p]
n
+
pn−1
∑
i=1
t isi(x,y) = λ (x)x+ t
pnλ (y)y+
pn−1
∑
i=1
t isi(x,y),
where si(x,y) are certain Lie monomials in x,y. Completing x,y to a basis of L, writing the si(x,y)’s as
linear combinations of basis elements, and collecting all coefficients of x in (1.4), we get that ϕxy(t) is a
polynomial in t with the free term λ (x).
Suppose that there is a pair x,y such that ϕxy(t) is not constant. Since the ground field K is alge-
braically closed, ϕxy(t) has a root ξ . This means that the nonzero element x+ξy is nilpotent.
Suppose now that for any pair x,y ∈ L, ϕxy(t) is constant, i.e., ϕxy(t) = λ (x). This means that λ (x+
ty) = λ (x) for any linearly independent x,y∈ L, and any t ∈K, and, consequently, λ (x) = λ is constant.
If λ 6= 0, then substituting in (1.3) αx instead of x, we get that α p
n
= α for any α ∈ K, i.e., K is a finite
field, a contradiction. Hence λ = 0, and every element of L is nilpotent. 
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Proposition 1.4 can be used to give an alternative proof of the theorem, not utilizing the Feldman
result about 2-generated Lie algebras, albeit in the case of algebraically closed ground field only. (Note
that, in general, the cohomological dimension may increase when extending the ground field). For that,
we need several other elementary lemmas.
Lemma 1.5. Let x,y be two elements of a Lie algebra without 2-dimensional subalgebras, such that
(adx)ny= 0 for some n. Then x,y are linearly dependent.
Proof. Applying repeatedly the condition of absence of 2-dimensional subalgebras, we can lower the
degree n. Indeed, (adx)ny= [(adx)n−1(y),x] = 0 implies [(adx)n−2(y),x] = (adx)n−1(y) = λx for some
λ ∈ K, which, in turn, implies λ = 0. Repeating this process, we get eventually [y,x] = 0, and hence x,y
are linearly dependent. 
Lemma 1.6. A Lie p-algebra of dimension> 1 over an algebraically closed field contains a 2-dimensi-
onal subalgebra.
This lemma may be considered as an extension of the elementary fact that a finite-dimensional Lie
algebra of dimension > 1 over an algebraically closed field contains a 2-dimensional subalgebra (for
the situation over non-algebraically closed fields, see the next section). We do not assume finite-
dimensionality, but the presence of a p-structure is the condition strong enough to infer the same con-
clusion.
Proof. Let L be a Lie p-algebra without two-dimensional subalgebras. By the same reasoning as in the
proof of Theorem 1.3, L satisfies the condition (1.1). According to Proposition 1.4 (with n(x) = 1 for
all x), L is either one-dimensional, or contains a nonzero nilpotent element. In the latter case by Lemma
1.5, L is one-dimensional too, a contradiction. 
Now Lemma 1.6, together with Corollary 1.2, provides an alternative proof of Theorem 1.3 in the
case of an algebraically closed ground field.
2. DIGRESSION: LIE p-ALGEBRAS WITHOUT 2-DIMENSIONAL SUBALGEBRAS
Could the condition of algebraic closedness of the ground field be removed in the latter proof? Note
that it cannot be removed from Lemma 1.6, by virtue of the same counterexample as to Proposition
1.4: a nonsplit 3-dimensional simple Lie algebra. This is, however, together with another 7-dimensional
algebra peculiar to characteristic 3, is the only finite-dimensional counterexample, as the following
proposition shows.
Proposition 2.1.
(i) A finite-dimensional Lie p-algebra of dimension > 1 over a field of characteristic p > 3 does not
contain 2-dimensional subalgebras if and only if it is a nonsplit 3-dimensional simple algebra.
(ii) A finite-dimensional Lie 3-algebra of dimension> 1 over a field of characteristic 3 does not contain
2-dimensional subalgebras if and only if it is either a nonsplit 3-dimensional simple algebra, or a
nonsplit form of psl(3).
(iii) A finite-dimensional Lie 2-algebra of dimension > 1 over a field of characteristic 2 contains a
2-dimensional subalgebra.
To prove this proposition, we will need the following elementary lemmas.
Lemma 2.2. Let L be a finite-dimensional Lie algebra without 2-dimensional subalgebras. Then for
any nonzero x ∈ L, L= Kx⊕ [L,x].
Proof. The statement is vacuous if L is 1-dimensional, so assume dimL> 1. As the kernel of the linear
map adx is 1-dimensional, its image [L,x] is of codimension 1 in L. If x ∈ [L,x], then x= [y,x] for some
y ∈ L, and Kx⊕Ky is a 2-dimensional subalgebra, a contradiction. 
The following lemma can be deduced from [V, Proposition 3.2]. We give a direct short proof.
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Lemma 2.3. A finite-dimensional Lie algebra of dimension > 1 without 2-dimensional subalgebras is
simple.
Proof. Let L be a finite-dimensional Lie algebra of dimension > 1 without 2-dimensional subalgebras,
and I is a proper ideal in L. Then either I is one-dimensional, or I also does not have 2-dimensional
subalgebras. In the former case write I = Kx for some x ∈ I; then for any y ∈ L\I, Kx⊕Ky is a 2-
dimensional subalgebra, a contradiction.
In the latter case, take a nonzero x ∈ I, and a nonzero y ∈ L\I. Since [y,x] ∈ I, by Lemma 2.2 there
are λ ∈ K and a ∈ I such that [y,x] = λx+[a,x]. But then K(y−a)⊕Kx is a 2-dimensional subalgebra
in L, a contradiction. 
Proof of Proposition 2.1. We merely push a bit further arguments from [L, §1]. Let L be a finite-
dimensional Lie p-algebra of dimension> 1 without 2-dimensional subalgebras. By the same reasoning
as in Lemma 2.2, for any nonzero h ∈ L, Kh coincides with its own normalizer, and hence is a Cartan
subalgebra of L. For any nonzero x ∈ L, and any nonzero element γ from the centroid of L, the ele-
ments x and γx are commuting, and hence are linearly dependent over the base field K. Therefore, the
centroid of L coincides with K, and since by Lemma 2.3 L is simple, L is central simple. In particular,
L= L⊗K K is a simple Lie algebra over the algebraic closure K of K, and h⊗K K is an one-dimensional
Cartan subalgebra in L, i.e., L is a simple Lie p-algebra of rank one.
If p > 3, then by [K, Theorem 3], L is isomorphic either to sl(2), or to the (p-dimensional) Witt
algebra. But each form of the Witt algebra is isomorphic to the derivation algebra of K[x]/(xp−λ1) for
some λ ∈K (see, for example, [Wa, Proposition 3 and Corollary 1]) and hence contains a 2-dimensional
nonabelian subalgebra (for example, spanned by the elements d
dx
and x d
dx
), a contradiction. Hence L is
a form of sl(2), obviously nonsplit. Conversely, all proper subalgebras of a nonsplit form of sl(2) are
one-dimensional.
Let p= 3. As in the proof of Theorem 1.3, L satisfies the condition (1.1), and, arguing as in the proof
of [K, Theorem 3], overK wemay rescale h to get an element h′ such that h′
[3]= h′. HenceKh′ is an one-
dimensional Cartan subalgebra of L, with roots lying in the prime subfield GF(3), and by [K, Theorem
9], L is isomorphic either to sl(2), or to (7-dimensional) psl(3). Each form of psl(3) is isomorphic to
the quotient O(−)/K1 for an octonion algebra O over K (considered as a Lie algebra with respect to
commutator [a,b] = ab−ba), by the 1-dimensional center K1 (see, for example, [EK, Theorem 4.26]).
If O is nonsplit, then each pair of commuting elements in O generates a nonsplit quaternion algebra
(see, for example, [Sch, proof of Theorem 3.17]), and hence each proper Lie subalgebra of O(−)/K1 is
either one-dimensional, or nonsplit 3-dimensional simple (alternatively, we may employ again Lemma
2.3 and [K, Theorem 9] to reach the same conclusion; these 7-dimensional algebras also appear, with a
different matrix realization, in [G, Example 2]).
If p= 2, the same reasonings as in the case p= 3 show that L has an one-dimensional Cartan subal-
gebra with roots lying in the prime subfield GF(2). Thus there are just two roots, 0 and 1, and by [K,
Theorem 8] the root space L1 is 2-dimensional, so L is 3-dimensional. But then it is easy to see that L is
not a p-algebra (its p-envelope is 5-dimensional), hence neither is L, a contradiction. 
Over perfect fields of characteristic 6= 2,3, a result similar to Proposition 2.1(i) holds for any finite-
dimensional Lie algebra, not necessary p-algebra. Indeed, by the results of Premet ([P2] and references
therein), any such Lie algebra L either contains a noncentral element x such that (adx)2 = 0, or satisfies
g⊆ L ⊆ Der(g) for some form of a classical simple Lie algebra g. If L does not contain 2-dimensional
subalgebras, Lemma 1.5 rules out the first possibility, and the second possibility together with Lemma
2.3 implies that L = g is a form of a classical simple Lie algebra. But since L is of rank 1, L is 3-
dimensional.
Over arbitrary, not necessary perfect, fields, where the Galois-cohomological machinery used in [P2]
is not available, arguments similar to, but more involved than those used in the proof of Proposition 2.1,
and addressing subtle questions such as the existence of Cartan subalgebras in a Lie algebra over an
arbitrary field, and structure of forms of Albert–Zassenhaus algebras, may be used to get a description
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of arbitrary finite-dimensional Lie algebras with even more weaker restrictions on subalgebras (for ex-
ample, Lie algebras all whose abelian subalgebras are one-dimensional). This, however, will lead us too
far away from the current topic and, hopefully, will be treated elsewhere.
Returning to Lie p-algebras without 2-dimensional subalgebras: the infinite-dimensional situation is,
naturally, much more difficult: all what we can do is to make the following
Conjecture 2.4. An infinite-dimensional Lie p-algebra contains a 2-dimensional subalgebra.
It is an intriguing open question whether there exist infinite-dimensional Lie algebras all whose
proper subalgebras are one-dimensional (Lie-algebraic analogs of Tarski’s monsters in group theory
constructed by Olshanskii). Conjecture 2.4 implies that there are no such algebras in the class of Lie
p-algebras.
3. LIE p-ALGEBRAS OF RESTRICTED COHOMOLOGICAL DIMENSION ONE
When speaking about cohomological dimension, we consider the category of all Lie algebra modules,
including infinite-dimensional ones. If we restrict ourselves to, say, finite-dimensional Lie algebras and
the category of finite-dimensional modules, the whole subject, both in results and methods employed,
becomes quite different. In fact, we cannot longer speak about cohomological dimension, as vanish-
ing of the cohomology in a given degree does not imply vanishing in higher degrees. A sample of
results in this domain: in characteristic zero, an “almost” converse of the classical Whitehead Lemmas
holds ([Z1], [Z2]), and in positive characteristic, the existence of a finite-dimensional module with non-
vanishing cohomology in any degree not greater than the dimension of the algebra, which was already
mentioned in the proof of Lemma 1.1.
Still, instead of the category of all modules with ordinary cohomology, we can consider a smaller
subcategory of modules with a good-behaving cohomology theory: for example, the category of all
restricted modules with restricted cohomology. Recall that for a Lie p-algebra L, and a bimodule M
over its restricted universal enveloping algebra u(L), we have
(3.1) Hn∗(L,M
ad)≃ HHn(u(L),M),
where H∗ and HH stand for the restricted cohomology of a Lie p-algebra, and the Hochschild cohomol-
ogy of an associative algebra, respectively, and Mad is the restricted L-module structure on M defined
via x•m= xm−mx for x ∈ L, m ∈M.
The definition of the restricted cohomological dimension of L (notation: cd∗(L)) repeats the definition
of the ordinary cohomological dimension, with projective resolutions (0.1) considered in the category
of left (or right) modules over u(L).
As in the unrestricted case, Shapiro’s lemma for restricted cohomology implies that the restricted
cohomological dimension does not increase when passing to subalgebras. In particular, a subalgebra
of a Lie p-algebra of restricted cohomological dimension one is of restricted cohomological dimension
one or zero. A free Lie p-algebra has restricted cohomological dimension one.
Recall that an element x of a Lie p-algebra L is called semisimple, if x is a linear combination of
its p-powers x[p]
k
, k = 1,2, . . . . If L is a finite-dimensional torus, i.e., an abelian Lie p-algebra con-
sisting of semisimple elements, then u(L) is a commutative semisimple algebra, and hence cd∗(L) = 0.
Conversely, the main theorem of [Hoch] (see also [St, Satz 10] and [Fa2, Theorem 3.1]) amounts to
saying (in a different terminology) that any finite-dimensional Lie p-algebra of restricted cohomologi-
cal dimension zero is a torus. Moreover, according to [We, Theorem 9.2.11], restricted cohomological
dimension zero implies finite-dimensionality, so Lie p-algebras of restricted cohomological dimension
zero are exactly finite-dimensional tori.
The existence of nontrivial Lie p-algebras of restricted cohomological dimension zero makes the sit-
uation somewhat similar to the associative one: due to the classical results of Eilenberg, Hochschild,
Rosenberg, Zelinsky, and others obtained in the 1940–1950s, it is known that associative algebras of co-
homological dimension zero are exactly finite-dimensional separable algebras (see, for example, [We,
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Theorem 9.2.11]). As for associative algebras of cohomological dimension one, the multitude of exam-
ples of such algebras seemingly defies any attempt to classify them (see [CQ]). One may hope that the
Lie p-algebraic situation is more tame (see Conjecture 3.2 below).
Also, similarly to the associative case, the existence of nontrivial Lie p-algebras of restricted coho-
mological dimension zero allows, by the extension procedure, to get new Lie p-algebras of restricted
cohomological dimension one from already known ones.
Lemma 3.1. Let I be a p-ideal of a Lie p-algebra L. Then:
(i) cd∗(L)≤ cd∗(I)+ cd∗(L/I)+1;
(ii) if cd∗(I) = 0, then cd∗(L) = cd∗(L/I);
(iii) if cd∗(L/I) = 0, then cd∗(L) = cd∗(I).
Part (i) is a restricted analogue of [BK, Theorem 3.11.9]†.
Proof. This follows immediately from the Lyndon–Hochschild–Serre spectral sequence converging to
HHs+t(u(L),M) and having the E2 term
Est2 = HH
s(u(L/I),HHt(u(I),M))
(here M is an arbitrary u(L)-module). If HHt(u(I),M) = 0 for any t > n, and HHs(u(L/I),M) = 0 for
any s > m, then Est2 = 0 for any s+ t > n+m+1, and hence HH
i(u(L),M) = 0 for any i > n+m+1,
what proves (i).
To prove (ii), note that cd∗(I) = 0 implies that the only non-vanishing E2 terms are E
s0
2 , the spectral
sequences stabilizes at E2, and HH
n(u(L),M) ≃ En02 = HH
n(u(L/I),MI). Since any restricted L/I-
module can be lifted to a restricted L-module by letting I act trivially, the desired equality follows.
Part (iii) is established similarly: the condition cd∗(L/I) = 0 implies that the only non-vanishing E2
terms are E0t2 , and hence HH
n(u(L),M) ≃ HHn(u(I),M)L/I. The latter isomorphism implies cd∗(L) ≤
cd∗(I). On the other hand, cd∗(I)≤ cd∗(L), which implies the desired equality. 
Parts (ii) and (iii) of Lemma 3.1 show in particular, that extending a Lie p-algebra of restricted coho-
mological dimension zero by a Lie p-algebra of restricted cohomological dimension one, or, vice versa,
extending a Lie p-algebra of restricted cohomological dimension one by a Lie p-algebra of restricted
cohomological dimension zero, we get a Lie p-algebra of cohomological dimension one. As any ex-
tension of a Lie p-algebra of restricted cohomological dimension ≤ 1 splits, any algebra which can be
obtained starting from a free Lie p-algebra by successively applying such extensions, has the following
form:
(3.2) (. . .((L ⊲⊳ T1) ⊲⊳ T2) . . .) ⊲⊳ Tn,
where L is a free Lie p-algebra, T1, . . . ,Tn are finite-dimensional tori, and each symbol ⊲⊳ stands either
for ⋊ (action of the left-hand side on the right-hand side), or for ⋉ (action of the right-hand side on the
left-hand side).
Conjecture 3.2. Any Lie p-algebra of restricted cohomological dimension one is of the form (3.2).
In particular, this conjecture implies that a Lie p-algebra of restricted cohomological one has a free
Lie p-subalgebra of finite codimension.
Let us establish some facts about Lie p-algebras of restricted cohomological dimension one, providing
a (limited) evidence in support of the conjecture.
The following fact was established in [Ch1, Theorem 5.1] using a not entirely trivial result from
homological algebra due to Kaplansky, and independently in [Be, Remark 2], using previous results
of Eilenberg and Nakayama. We give an alternative, and arguably a more elementary proof – a mere
reformulation of known (and easy) results on the cohomology of commutative associative algebras.
† The formulation of [BK, Theorem 3.11.9] contains an obvious typo: the summand “+1” at the right-hand side of the
inequality, as in the inequality in Lemma 3.1(i), is missing.
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Lemma 3.3. The restricted cohomological dimension of a finite-dimensional Lie p-algebra is either
zero or infinity.
Proof. Let L be a finite-dimensional Lie algebra of restricted cohomological dimension > 0, i.e. not a
torus. Since L is not a torus, there is x ∈ L satisfying the relation of the form
(3.3) λ1x
[p]+λ2x
[p]2 + · · ·+λnx
[p]n = 0
for some n ≥ 1 and λ1,λ2, . . . ,λn ∈ K, λn 6= 0. For the p-subalgebra (x)p generated by x, we have
u((x)p)≃ K[x]/( f ), where the polynomial f is obtained from the left-hand side of (3.3) by replacing p-
powers in the Lie p-algebra by the ordinary p-powers in the polynomial algebra: f (t) = λ1t
p+λ2t
p2 +
· · ·+λnt
pn .
The Hochschild cohomology of quotients of polynomial algebras is well understood – see, for exam-
ple, [Hol] and references therein. In particular, in [Hol, Proposition 2.2] a periodic free resolution of
such algebras is constructed, from which it follows that the complex computing the Hochschild coho-
mology of K[x]/( f ) is of the form
K[x]/( f )
0
−→ K[x]/( f )
f ′
−→ K[x]/( f )
0
−→ K[x]/( f )
f ′
−→ . . .
Since f ′ (the formal derivative of f ) vanishes, HHn(K[x]/( f ),K[x]/( f )) does not vanish for any n. As
K[x]/( f ) is commutative, K[x]/( f )ad, as an (x)p-module, is the direct sum of p
n copies of the trivial
(x)p-module K, and due to the isomorphism (3.1), H
n
∗((x)p,K) is nonzero for any n. Consequently, the
restricted cohomological dimension of (x)p, and thus of L, is equal to infinity. 
Proposition 3.4. A p-subalgebra of a Lie p-algebra of finite restricted cohomological dimension is
either a torus, or is infinite-dimensional.
Proof. Follows from Lemma 3.3. 
In particular, in a Lie p-algebra L of finite restricted cohomological dimension, every nonzero p-
algebraic element (i.e., on which a certain p-polynomial vanishes) is p-semisimple. This can be consid-
ered as a Lie-p-algebraic analog of the well known fact that groups of finite cohomological dimension
are torsion-free (see, for example, [Co, p. 6, Corollary 2]).
Proposition 3.5. An abelian p-subalgebra of a Lie p-algebra of restricted cohomological dimension
one is either a torus, or is isomorphic to the direct sum of a torus and the free Lie p-algebra of rank one.
Proof. Let L be an abelian subalgebra of a Lie p-algebra of restricted cohomological dimension one.
The restricted cohomological dimension of L is either equal to zero, in which case L is a torus, or is
equal to one. In the latter case, assume first that L has no nonzero p-algebraic elements.
To prove that L is a free Lie p-algebra of rank one, it is enough to prove that any two commuting ele-
ments of L, say, x and y, can be represented as p-polynomials of a third element. Suppose the contrary.
By Proposition 3.4, each of x, y generate the free Lie p-algebra of rank one, and hence the restricted
universal enveloping algebra of the p-subalgebra S of L generated by x,y, is isomorphic to the polyno-
mial algebra in two variables K[x,y]. The latter algebra has non-vanishing 2nd Hochschild cohomology
(for example, HH2(K[x,y],K[x,y])≃
∧2(Der(K[x,y]))⊗K[x,y]K by the Hochschild–Kostant–Rosenberg
theorem), and by reasoning as at the end of the proof of Lemma 3.3, we get that H2∗(S,K) does not
vanish, whence cd∗(L)≥ cd∗(S)≥ 2, a contradiction.
In the general case, consider the set T of all p-semisimple elements of L. Obviously, T forms a
proper subalgebra, and hence a proper ideal, of L. By Lemma 3.1(ii), the quotient L/T is an abelian
Lie p-algebra of restricted cohomological dimension one. Since L/T does not have nonzero p-algebraic
elements, L/T is isomorphic to the free Lie p-algebra of rank one by above. The extension obviously
splits, and the desired conclusion follows. 
The next lemma shows that the (ordinary) cohomology of Lie p-algebras of restricted cohomological
dimension one behaves in a rather peculiar way.
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Lemma 3.6. Let L be a Lie p-algebra of restricted cohomological dimension one, and M a restricted
L-module. Then
(3.4) Hn(L,M)≃
((∧n
L
)⋆
⊗ML
)
⊕
((∧n−1
L
)⋆
⊗H1∗(L,M)
)
for any n≥ 1.
Proof. This follows from a particular form of the Grothendieck spectral sequence relating restricted and
ordinary cohomology. Namely, for a Lie p-algebra and a restricted L-module M, there is a spectral
sequence with the E2 term
Est2 = C
t(L,Hs∗(L,M))≃
(∧t
L
)⋆
⊗Hs∗(L,M)
converging to Hs+t(L,M) (see [FP, Proposition 5.3]; note that the standing assumption in [FP] of finite-
dimensionality of algebras and modules is not relevant here; see also [Fa2, Theorem 4.1] and [M, Corol-
lary 1.3]). Here Cn(V,W)≃ (
∧nV )⋆⊗W denotes, as usual, the space of skew-symmetric n-linear maps
from one vector space to another.
If Hs∗(L,M)= 0 for s≥ 2, the only nonvanishing E2 terms are E
0t
2 and E
1t
2 . Hence the spectral sequence
stabilizes at E2, H
n(L,M)≃ E0n2 ⊕E
1,n−1
2 for any n≥ 1, and (3.4) follows. 
Lemma 3.6 provides yet another proof of the fact that a Lie p-algebra L of restricted cohomological
dimension one is infinite-dimensional (which follows also from Lemma 3.3), without appealing to any
computation of Hochschild cohomology. Indeed, suppose the contrary, and take in (3.4) n= dimL+1.
Then the left-hand side and the first direct summand at the right-hand side of the isomorphism vanish,
and the second direct summand is isomorphic to H1∗(L,M). Therefore, H
1
∗(L,M) = 0 for any restricted
L-moduleM, i.e., L is of restricted cohomological dimension zero, a contradiction.
Moreover, a stronger statement holds:
Proposition 3.7. A Lie p-algebra of restricted cohomological dimension one has infinite (ordinary)
cohomological dimension.
Proof. Let L be a Lie algebra of restricted cohomological dimension one. Taking in (3.4) M = K, we
get
Hn(L,K)≃
(∧n
L
)⋆
⊕
((∧n−1
L
)⋆
⊗H1∗(L,K)
)
.
Either by Lemma 3.3, or by the reasoning above, L is infinite-dimensional, and thus
∧nL, and hence
Hn(L,K), does not vanish for any n≥ 1. 
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